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Thermodynamic assessments have been made for the hafnium-vanadium (Hf-V) and vanadium-
zirconium (V-Zr) systems using the Calphad-Thermocalc approach. The Gibbs energies of the
liquid, body-centered cubic, and close-packed hexagonal phases were described by a substitution
solution model with a Redlich-Kister formalism to express the excess Gibbs energy. The C15-
Laves phase was treated first as stoichiometric and then with a composition range. A consistent
set of optimized thermodynamic parameters was obtained, and calculated phase equilibria were
compared with the experimental data. The enthalpy of formation of the C15-Laves phase was
calculated equal to approximately −3 and −5 kJ/mol, respectively, in the Hf-V and V-Zr systems,
which is in good agreement with predicted values.

1. Introduction

The unmixing of transition metal carbide phases follow-
ing the equation (M1,M2)C → M1C + M2C (Mi � Hf, Nb,
Ta, Ti, V, Zr) has been experimentally observed in pseudo-
binary solid solution systems (Ref 1, 2) and also in more
complex Fe-based systems (Ref 3). Furthermore, the possi-
bility of such an unmixing has been frequently mentioned
(Ref 4, 5) in steel systems to explain the striking differences
in chemical composition of precipitated carbide or nitride
phases, when more than one carbide former is present in the
steel as an alloying element.

To describe phase separation in a pseudobinary solid
solution system of the form (M1,M2)C, where M1 and M2
are chosen from among various elements (Hf, Nb, Ta, Ti, V,
and Zr), it is necessary to assess the (M1-M2) binary sys-
tems. In a previous article (Ref 6), the authors gave a ther-
modynamic evaluation of the tantalum-vanadium (Ta-V)
system. Other already evaluated systems that can play a role
in the description of complex refractory carbides include the
hafnium-tantalum (Hf-Ta) (Ref 7), zirconium-niobium (Zr-
Nb) (Ref 8), and zirconium-tantalum (Zr-Ta) (Ref 9) sys-
tems. In addition, a previous thermodynamic assessment of
the vanadium-zirconium (V-Zr) system has been made by
Korb and Hack (Ref 10), considering the C15-Laves phase
as stoichiometric and the G(LiqV) and G(LiqZr) reference
states for the thermodynamic functions of that phase.

The aim of the present work was to use the Calphad
approach (Ref 11) for the assessment of the Hf-V binary
system and the reassessment of the Hf-V system. In addition
to their potential use in the study of carbide systems, the
Hf-V and V-Zr systems are well known for forming Laves
phases.

The study of these Laves phases has evoked broad attention
in fields such as hydrogen storage materials (Ref 12), su-
perconducting behavior (Ref 13), and mechanical properties
at room temperature (Ref 14), which provided further mo-
tivation for such an assessment. For both systems, the C15-
Laves phase has been considered first as stoichiometric and
then with a composition range. Furthermore, different ref-
erences states were compared to account for the crystallo-
graphic structure of the C15-Laves phase and to obtain op-
timized thermodynamic parameters that keep coherency
with the TCFe2000 database.

2. Thermodynamic Models and Available
Thermodynamic Information

The systems Hf-V and V-Zr had to be optimized using
mainly phase diagram data. Most of the information was
taken from the File binary edition (Ref 15).

• In the case of the Hf-V system, the phase diagrams
experimentally assessed in Ref 16 and 17 by means of
x-ray, melting point, and differential thermal analysis,
and metallographic techniques are very similar. The
C15-Laves phase melts congruently at a temperature of
1552 °C (Ref 16) and 1550 °C (Ref 17), and has a
homogeneity range. On the other hand, according to
Komjathy (Ref 18), its melting point is higher
(2173 °C) and the phase is stoichiometric. In the ex-
perimental work of Komjathy (Ref 18) concerning the
extent of the V-rich solid solution between 800 and
1500 °C, the invariant reaction between HfV2 and the
solid solution, as well as the melt reactions were deter-
mined. Conflicting information is provided in Ref 19
and 20, studies in which the Laves phase formation was
reported to occur as result of a peritectic reaction at
either 1546 °C (Ref 19) or 1490 °C (Ref 20).
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• In the case of the V-Zr system, the experimental phase
diagrams assessed by Smith (Ref 21) and Williams (Ref
22) are very similar. This system contains only one
intermediate-phase V2Zr that forms peritectically at
1300 °C. Vanadium takes a maximum of about 5 at.%
Zr into solid solution, while �Zr dissolves about 15
at.% V. The solubility of V in �Zr is very low. The
phase diagrams determined by Smith (Ref 21) and
Williams (Ref 22) are in turn markedly different from
those reported by Rostoker and Yamamoto (Ref 23) and
Petrova (Ref 24), wherein V2Zr forms at about 1740 °C.
In this latter case, only the Zr-rich side of the phase
diagram was determined. Only Smith (Ref 21) pointed
out a composition range for the C15-Laves phase.

Furthermore, there is a considerable lack of thermody-
namic data on these systems. In both cases, only the enthal-
pies of mixing of the liquid phase for the 0.5M1-0.5M2
composition predicted at 25 °C (298.15 K) by de Boer et al.
(Ref 25), using the method of Miedema et al. (Ref 26), as
well as the enthalpy of formation of the C15-Laves phases
are available in the literature. They are listed in Table 1.

From the crystallographic point of view, the Laves phase
(determined in both systems as C15, prototype MgCu2,
Pearson symbol cF24 (Ref 27)) contains two distinct Wyck-
off positions, namely, 8(a) (coordination number 16) and
16(d) (coordination number 12). A two-sublattice model is
thus a reasonable choice for the thermodynamic description
of this phase. As the experimentally determined homogene-
ity range is small, if it exists, and its limits are not quite
sure, the authors adopted its extension on both sides of
the stoichiometric composition, that is, the formula
(M1,M2)0.66667(M1,M2)0.33333. The authors’ approach is a
preliminary one because they have no experimental infor-
mation on the nature of the defects (substitution or vacan-
cies) that account for the nonstoichiometric width when it is
indicated.

The accepted criterion used to define the reference state
for the thermodynamic functions of the C15-Laves phase is
to assign the face-centered cubic (fcc)_A1 reference state to
species occupying a site with coordination 12, and the body-
centered cubic (bcc)_A2 reference state for species occupy-
ing a site with coordination > 12. For instance, in the current
status of the TCFe2000 database that is true for the systems
iron-niobium and iron-tungsten. However, to keep coher-
ence with the existing description of the Laves phases in
other systems such as Cr-Ta (Ref 28) and Cr-Ni-Ta (Ref

29), the authors have also made assessments by defining the
reference state as bcc_A2 V and hexagonally close-packed
(cph)_A3 Hf (or cph_A3 Zr), irrespective of coordination
number. This was done because all of these Laves phases
could play a role in broader thermodynamic databases re-
lated to steels.

The substitutional solution phases for the optimized bi-
nary systems were modeled:

• One sublattice for the liquid phase: (M1,M2)1
• Two sublattices for the bcc_A2 phase: (M1,M2)1: (Va)3
• Two sublattices for the fcc_A1 phase: (M1,M2)1: (Va)1
• Two sublattices for the cph_A3 phase: (M1,M2)1: (Va)0.5

The C15-Laves phases, HfV2 and V2Zr, of the binary
systems Hf-V and V-Zr were first modeled as stoichiomet-
ric (M1)0.33333 (M2)0.66667, and then with a two-sublattice
description with a mutual substitution in each sublattice
(M1,M2)0.33333 (M1,M2)0.66667, as mentioned above. The
sublattice formalism used here is identical to that of the
Wagner-Schottky model (Ref 30).

The complete description of this phase is:

refGC15-Laves = y�M1y�M2
0GM1:M2

C15-Laves + y�M1y�M1
0GM1:M1

C15-Laves

+ y�M2y�M2
0GM2:M2

C15-Laves + y�M2y�M1
0GM2:M1

C15-Laves (Eq 1)

0GM1:M2
C15-Laves = 0.33333 × 0GM1

bcc_A2

+ 0.66667 × 0GM2
fcc_A1 + a + bT (Eq 2)

idGC15-Laves = RT�0.33333 × �y�M1Lny�M1 + y�M2Lny�M2�

+ 0.66667 × �y�M1Lny�M1 + y�M2Lny�M2�� (Eq 3)

EGC15-Laves = y�M1y�M2�y�M1
0LM1, M2:M1

C15-Laves + y�M2
0LM1, M2:M2

C15-Laves �

+ y�M1y�M2�y�M1
0LM1:M1, M2

C15-Laves + y�M2
0LM2:M1, M2

C15-Laves �

+ y�M1y�M2y�M1y�M2
0LM1, M2:M1, M2

C15-Laves (Eq 4)

0GM1:M2
C15-Laves = −0GM2:M1

C15-Laves + 0GM1:M1
C15-Laves + 0GM2:M2

C15-Laves (Eq 5)

where y�i and y�i refer to the sites fractions of the component
i in the first and second sublattices, respectively. In Eq 2, a
and b are coefficients to be optimized. The four terms de-

Table 1 Thermodynamic data predicted by de Boer et al. (Ref 25) by using the method of Miedema et al. (Ref
26) and optimized data in the present work

System M1-M2

�Hmelting 0.5 M1-0.5 M2 liquid phase (kJ/mol) at 25°C (298.15 K) �HformationH Laves phase (kJ/mol) at 25°C (298.15 K)

Ref 25, 26 Optimized data (present work) Ref 25, 26 Optimized data (present work)

Hf-V −2 bcc_A2 V and cph_A3 Hf −5.528/−4.420 −3 bcc_A2 V and cph_A3 Hf −3.344/−3.500
fcc_A1 V and bcc_A2 Hf −4.670/−4.692 fcc_A1 V and bcc_A2 Hf −3.204/−2.813

V-Zr −4 bcc_A2 V and cph_A3 Zr −4.350/−4.350 −5 bcc_A2 V and cph_A3 Zr −5.000/−4.786
fcc_A1 V and bcc_A2 Zr −4.204/−3.920 fcc_A1 V and bcc_A2 Zr −4.681/−5.181

The C15-Laves phase is considered as stoichiometric and with a composition range
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noted 0GC15-Laves represent the Gibbs energies of the stable
and metastable stoichiometric compounds M1M12, M1M22,
M2M12, and M2M22. The excess parameters 0LC15-Laves in
Eq 4 account for the interaction of species in each sublattice.

Finally, Eq 5 accounts for the Wagner-Schottky constraint
(Ref 30).

The molar Gibbs energies of formation of the hypotheti-
cal phase formed with pure elements were fixed at a value

Table 2 Comparison of the experimental and calculated data for the Hf-V binary system assuming a
stoichiometric C15-Laves phase

Invariant equilibria(b)

Calculated T (°C) xHf (at.%) (this work)(a) Experimental T (°C)
and xHf (at.%)cph_A3 Hf and bcc_A2 V bcc_A2 Hf and fcc_A1 V

Congruent melting 1529 1534 1552 (Ref 16) 0.341
L ↔ C15-Laves 0.333 0.333 1550 (Ref 17) 0.335
Eutectic reaction 1528 1533 1520 (Ref 16, 17)
L → bcc_A2 + C15-Laves 0.316 → 0.025 + 0.333 0.313 → 0.033 + 0.333 0.309 → 0.041 + 0.331 (Ref 16)

0.311 → 0.041 + 0.331 (Ref 17)
Eutectic reaction 1456 1459 1453 (Ref 16), 1456 (Ref 17)
Liq → bcc_A2 + C15-Laves 0.547 → 0.743 + 0.333 0.541 → 0.750 + 0.333 0.572 → 0.767 + 0.354 (Ref 16)

0.570 → 0.765 + 0.355 (Ref 17)
Eutectoid reaction 1210 1204 1193 (Ref 16), 1190 (Ref 17)
bcc_A2 → C15-Laves + cph_A3 0.813 → 0.333 + 0.972 0.822 → 0.333 + 0.981 0.812 → 0.353 + 0.987 (Ref 16)

0.810 → 0.351 + 0.978 (Ref 17)
Predicted (Ref 25) −2000 −2000 …
Calculated (this work) HMR (liquid 0.5Hf-0.5V)

(J/mol) at 25 °C (298.15 K) with the reference
state liquid for Hf and V at 25 °C (298.15 K)

−5528 −4670 …

Predicted (Ref 25) −3000 −3000 …
Calculated (this work) HMR (C15-Laves)

(J/mol) at 25 °C (298.15 K)
−3344 −3204 …

(a) The reference states are first, the cph_A3 Hf and bcc_A2 V, then bcc_A2 Hf and fcc_A1 V. (b) HMR, enthalpy of mixing of the liquid phase or enthalpy
of formation of the C15-Laves phase

Table 3 Comparison of the experimental and calculated data for the Hf-V binary system assuming a C15-Laves
phase with a composition range

Invariant equilibria(b)

Calculated T (°C) and x(Hf) (at.%) (this work)(a) Experimental T (°C)
and x(Hf) (at.%)cph_A3 Hf and bcc_A2 V bcc_A2 Hf and fcc_A1 V

Congruent melting 1536 1532.5 1552 (Ref 16) 0.341
L ↔ C15 Laves 0.328 0.339 1550 (Ref 17) 0.335
Eutectic reaction 1535 1531 1520 (Ref 16, 17)
L → bcc_A2 + C15-Laves 0.308 → 0.027 + 0.325 0.309 → 0.033 + 0.336 0.309 → 0.041 + 0.331 (Ref 16)

0.311 → 0.041 + 0.331 (Ref 17)
Eutectic reaction 1460 1458 1453 (Ref 16), 1456 (Ref 17)
L → bcc_A2 + C15-Laves 0.540 → 0.757 + 0.360 0.545 → 0.755 + 0.361 0.572 → 0.767 + 0.354 (Ref 16)

0.570 → 0.765 + 0.355 (Ref 17)
Eutectoid reaction 1193 1200 1993 (Ref 16), 1190 (Ref 17)
bcc_A2 → C15-Laves + cph_A3 0.814 → 0.355 + 0.974 0.819 → 0.352 + 0.980 0.812 → 0.353 + 0.987 (Ref 16)

0.810 → 0.351 + 0.978 (Ref 17)
Predicted (Ref 25) −2000 −2000 …
Calculated (this work) HMR (liquid 0.5Hf-0.5V)

(J/mol) at 25 °C (298.15 K) with the reference
state liquid for Hf and V at 25 °C (298.15 K) −4420 −4692 at 25 °C (298.15 K)

Predicted (Ref 25) −3000 −3000 …
Calculated (this work) HMR (C15-Laves) (J/mol)

at 25 °C (298.15 K) −3500 −2813 …

(a) The reference states are first, the cph_A3 Hf and bcc_A2 V, then bcc_A2 Hf and fcc_A1 V. (b) HMR, enthalpy of mixing of the liquid phase or enthalpy
of formation of the C15-Laves phase
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5000 J/mol of atoms to be consistent with the thermody-
namic description of systems in the TCFe2000 database.

The Gibbs energy per mole of atoms of the liquid,
bcc_A2, and cph_A3 substitutional solution phases at
101,325 Pa was described using:

GM
� = xM1

0GM1
� + xM2

0GM2
� + RT�xM1 ln xM1 + xM2 ln xM2� +EGM

�

(Eq 6)

where xi (i � M1,M2) represents the atomic fraction of the
element I, and 0G�

i (with � � liquid, bcc_A2, and cph_A3)
is the molar Gibbs energy of the element i with the structure
�. The 0G�

i values are referred to the enthalpy H of the
standard reference state (SER) of the pure solid elements in
their stable form (cph_A3 Hf (or Zr) and bcc_A2 V)
at 25 °C (298.15 K), as proposed by the Scientific Group
Thermodata Europe. The 0G�

i -HMi
SER data published by Dins-

dale (Ref 31) were used for the thermodynamic functions of
the pure elements. The excess Gibbs energy EG�

M was de-
scribed by means of a Redlich-Kister polynomial (Ref 32):

EGM
� = xM1xM2�

0L� + 1L��xM1 − xM2�
1 + 2L��xM1 − xM2�

2�
(Eq 7)

According to the experimental data available for each
system, the liquid and bcc_A2 phases were treated in the
regular, subregular, or subsubregular solution approxima-
tion (Ref 33), while the cph_A3 phase was treated as a
regular solid solution. The composition interaction param-
eters iL� are temperature-dependent:

iL� = a + bT (Eq 8)

Due to a lack of experimental information in both sys-
tems, as few thermodynamic parameters as possible were
chosen to model the different phases. These parameters
were optimized using the Parrot module implemented in the
Thermocalc software (Ref 34).

For both binary systems, the optimization was conducted
as follows: first the C15-Laves phase was considered as
stoichiometric, then the Laves phase was modeled with a
mutual substitution of each element in the two sublattices to
account for the narrow composition range displayed in the
phase diagram.

3. Results and Discussion

3.1 Hf-V Binary System

The optimization was made by using the phase diagram
data from Ref 16 and 17, which were very similar, while the
data from Ref 18 to 20 were discarded. The enthalpy of the
mixing of the equiatomic liquid phase and the enthalpy of
formation of the C15-Laves phase, predicted by Ref 25 at
25.15 °C (298.15 K), were the only thermodynamic data
available in the literature. In a first step, these two later sets
of data were used for the optimization. The curve of the

calculated enthalpy of mixing of the liquid phase versus the
mole fraction of Hf was not monotonous and showed a
maximum of small amplitude on the V-rich side. As the
thermodynamic data evaluated by means of the method of
Miedema et al. (Ref 26) should be utilized with caution, and
as there are no experimental data in this region, in a second
step, the enthalpy of mixing of the equiatomic liquid phase
was discarded and a reasonable shape was obtained for that
curve.

The optimized parameters are reported in Appendix 1.
The results of the calculations based on the Calphad

approach along with those reported in Ref 16 and 17 are
summarized in Table 2 for the stoichiometric modeling of
the C15-Laves phase. Table 3 contains the results obtained
when the C15-Laves phase presents a composition range.
The reference states assumed are first bcc_A2 V and cph_A3
Hf, and then bcc_A2 Hf and fcc_A1 V.

The measured and calculated phase diagrams are shown
in Fig. 1 for the case of the stoichiometric C15 phase with
the reference states bcc_A2 Hf and fcc_A1 V. A good agree-
ment is obtained. The congruent melting temperature of the
C15-Laves phase is 1534 °C.

In Fig. 2(a), the Hf-V calculated phase diagram (obtained
by considering the C15-Laves phase with a composition
range and with the reference states bcc_A2 Hf and fcc_A1
V) is compared with the experimental one. An enlargement
of the congruent point is shown in Fig. 2(b).

Figure 3 shows the calculated enthalpy of mixing of the
liquid phase in the Hf-V binary system (solid line). A rea-
sonable shape is obtained. The calculated enthalpy of mix-
ing of the equiatomic liquid (−4670 J/mol) is more negative
than the only prediction (−2000 J/mol) by de Boer et al.
(Ref 25) using the method of Miedema et al. (Ref 26).

Fig. 1 Comparison of the experimental (Ref 16, 17) and calcu-
lated Hf-V phase diagrams with the C15-Laves phase being con-
sidered as stoichiometric; the reference states are bcc_A2 Hf and
fcc_A1 V
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Table 4 Comparison of the experimental (Ref 21, 22) and calculated data for the V-Zr binary system assuming a
stoichiometric C15-Laves phase

Invariant equilibria(b)

Calculated T (°C) and x(Zr) (at.%) (this work)(a)

Experimental T (°C) and x(Zr) (at.%)cph_A3 Zr and bcc_A2 V bcc_A2 Zr and fcc_A1 V

Peritectic reaction 1299 1324 1300 (Ref 21, 22)
L + bcc_A2 → C15-Laves 0.490 + 0.061 → 0.333 0.462 + 0.053 → 0.333 0.478 + 0.048 → 0.333 (Ref 21)

0.476 + 0.065 → 0.333 (Ref 22)/1279.7 (Ref 10)
0.494 + 0.046 → 0.333 (Ref 10)

Eutectic reaction 1256 1255 1265 (Ref 21), 1227 (Ref 22)
L → C15-Laves + bcc_A2 0.550 → 0.333 + 0.820 0.564 → 0.333 + 0.830 0.571 → 0.350 + 0.825 (Ref 21)

0.560 → 0.333 + 0.835 (Ref 22)
1237.2 (Ref 10)
0.548 → 0.333 + 0.839 (Ref 10)

Eutectoid reaction 770 770 777 (Ref 21), 780 (Ref 22)
bcc_A2 → C15-Laves + cph_A3 0.906 → 0.333 + 0.946 0.919 → 0.333 + 0.961 0.914 → 0.344 + 0.987 (Ref 21)

0.900 → 0.333 + 1.000 (Ref 22)
789.9 (Ref 10)
0.927 → 0.333 + 0.959 (Ref 10)

Predicted (Ref 25) −4000 −4000 …
Calculated (this work) HMR

(liquid 0.5V-0.5Zr) (J/mol)
at 25 °C (298.15 K) with
the reference state liquid
for Zr and V at 25 °C (298.15 K) −4350 −4204 …

Predicted (Ref 25) −5000 −5000 …
Calculated (this work) HMR

(C15-Laves) (J/mol)
at 25 °C (298.15 K) −5000 −4681 …

(a) The reference states are first, the cph_A3 Zr and bcc_A2 V, then bcc_A2 Zr and fcc_A1 V. (b) HMR, enthalpy of mixing of the liquid phase or enthalpy
of formation of the C15-Laves phase

Fig. 2 (a) Comparison of the experimental (Ref 16, 17) and calculated Hf-V phase diagrams with the C15-Laves phase being considered
with a composition range, with the reference states bcc_A2 Hf and fcc_A1 V). (b) Enlarged region near the congruent melting of the HfV2

C15-Laves phase
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3.2 V-Zr Binary System

The optimization was made by using the phase diagram
data of Ref 21 and 22, which are very similar, and those of
Ref 23 were discarded, as well as those of Ref 24, which
concerned only the Zr-enriched part of the V-Zr phase dia-
gram. As in the case of the Hf-V system, the enthalpy of
mixing of the equiatomic liquid phase and the enthalpy of

formation of the C15-Laves phase, predicted by Ref 25 at
298.15 K, were the only thermodynamic data available in
the literature. These two latter sets of data were used in the
optimization.

The optimized parameters are reported in the Appendix.
The results of the calculations based on the Calphad

approach, along with those reported in Ref 21 and 22, as

Table 5 Comparison of the experimental and calculated data for the V-Zr binary system assuming a C15-Laves
phase with a composition range

Invariant equilibria(b)

Calculated T (°C) and x(Zr) (at.%) (this work)(a) Experimental T (°C) and
x(Zr) (at.%)cph_A3 Zr and bcc_A2 V bcc_A2 Zr and fcc_A1 V

Peritectic reaction 1313 1319 1300 (Ref 21, 22)
L + bcc_A2 → C15-Laves 0.478 + 0.049 → 0.335 0.464 + 0.053 → 0.342 0.478 + 0.048 → 0.333 (Ref 21)

0.476 + 0.065 → 0.333 (Ref 21)
Eutectic reaction 1252 1253 1265 (Ref 21), 1227 (Ref 22)
L → C15-Laves + bcc_A2 0.561 → 0.352 + 0.831 0.565 → 0.352 + 0.830 0.571 → 0.350 + 0.835 (Ref 21)

0.560 → 0.333 + 0.835 (Ref 22)
Eutectoid reaction 773 771 771 (Ref 21), 780 (Ref 22)
bcc_A2 → C15-Laves + cph_A3 0.922 → 0.343 + 0.969 0.923 → 0.338 + 0.967 0.914 → 0.344 + 0.987 (Ref 21)

0.900 → 0.333 + 1.000 (Ref 22)
Predicted (Ref 25) −4000 −4000 …
Calculated (this work) HMR (liquid 0.5V-0.5Zr)

(J/mol) at 25 °C (298.15 K) with the
reference state liquid for Zr and V at
25 °C (298.15 K) −4350 −3920 …

Predicted (Ref 25) −5000 −5000 …
Calculated (this work) HMR (C15-Laves)

(J/mol) at 25 °C (298.15 K) −4786 −5181 …

(a) The reference states are first, bcc_A2 Zr and fcc_A1 V, then bcc_A2 Zr and fcc_A1 V. (b) HMR, enthalpy of mixing of the liquid phase or enthalpy of
formation of the C15-Laves phase

Fig. 3 Calculated enthalpies of mixing of the liquid phase in the
Hf-V system (solid line)

Fig. 4 Comparison of the experimental (Ref 21, 22) and calcu-
lated V-Zr phase diagrams with the C15-Laves phase being con-
sidered as stoichiometric; the reference states are bcc_A2 Zr and
fcc_A1 V
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well as in Ref 10, are summarized in Table 4 for the stoi-
chiometric modeling of the C15-Laves phase, and in Table
5 when the C15-Laves phase presents a composition range.
The assumed reference states are first cph_A3 Zr and
bcc_A2 V, and then bcc_A2 Zr and fcc_A1 V.

The measured and calculated V-Zr phase diagrams are
shown in Fig. 4 in the case of the stoichiometric C15 phase
with the reference states bcc_A2 Zr and fcc_A1 V. A very
good agreement is shown.

The measured and calculated V-Zr phase diagrams are
shown in Fig. 5 in the case of the C15 phase with a com-
position range and with the reference states bcc_A2 Zr and
fcc_A1 V. A very good agreement is shown.

The calculated enthalpy of mixing of the liquid phase in
the V-Zr binary system (solid line) compared with the pre-
diction of de Boer et al. (Ref 25) using the method of
Miedema et al. (Ref 26) (symbol) is shown in Fig. 6.

Contrary to the results for the Hf-V system that are as-
sessed in the present work, a good agreement is obtained, as
previously mentioned, in the Hf-Ta (Ref 7), Zr-Nb (Ref 8),
and Zr-Ta (Ref 9) systems.

The authors have calculated the enthalpies of formation
of the solid phases bcc_A2 and cph_A3 in the Hf-V system
at 25 °C (298.15 K), with the respective reference states
bcc-A2 V and bcc_A2 Hf, and cph_A3 V and cph_A3 Hf.
These two phases do not have similar enthalpies of forma-
tion, as previously mentioned in Ref 7 in the case of the
Hf-Ta system. The cph_A3 phase was described with a
regular solution approximation (one excess thermodynamic
parameter of degree 0), and its composition dependence is
symmetrical on both sides of x(V) � 0.5. On the contrary,
the bcc_A2 phase was described with a subsubregular ap-
proximation (three excess thermodynamic parameters of re-

spective degrees 0, 1, and 2). This last phase displays a
deviation from the symmetrical behavior. In Fig. 7(a), the
calculated enthalpies of formation of the bcc_A2 and
cph_A3 solid solutions are compared with the predictions
of de Boer et al. (Ref 25) of the ordered compounds of
the Hf-V system. Contrary to the results obtained in Ref 7
in the case of the Hf-Ta system, the enthalpies of forma-
tion of the ordered compounds of the Hf-V system are nega-
tive, and are far from the trends of the cph_A3 and bcc_A2
solid solutions, the enthalpies of formation of which are
positive. The same result was obtained for the V-Zr system
(Fig. 7b).

Despite the lack of thermodynamic data, the agreement
between the experimental and calculated phase diagrams is
satisfactory for both the Hf-V and V-Zr systems.

For these systems, the authors verified, following the
objections of Zhang et al. (Ref 35) concerning the sublattice
modeling, that the optimized thermodynamic parameters of
the C15-Laves phase do not imply its formation at very high
temperatures when the liquid phase is suspended during the
calculation of the phase diagram. Instead, this phase trans-
forms correctly into the disordered bcc_A2 phase, a fact that
is illustrated in Fig. 8(a) and (b) in the case of the Hf-V
system. This occurs when the b parameter of Eq 3 is positive
(i.e., the entropy of formation is negative), so that the Gibbs
energy of the C15-Laves phase decreases according to the
formula G = H − TS when the temperature increases.

4. Conclusion

The phase diagrams of the Hf-V and V-Zr binary sys-
tems have been assessed using the Calphad approach. Be-
cause very few thermodynamic data were available, the as-
sessment was performed mainly on the basis of phase
diagram data. The authors’ results, however, are in good
agreement with the predicted enthalpies of formation of the
C15-Laves phase for both systems and with the predicted
enthalpy of mixing of the equiatomic liquid phase only in
the case of the V-Zr system. For both systems, the opti-
mized thermodynamic parameters for the solution phases
(i.e., liquid, bcc_A2 and cph_A3) are close, regardless of
whether or not the C15-Laves phase was considered stoi-
chiometric or to have a limited range of composition, or
whether or not the crystal structure is formed with the ele-
ments (bcc_A2 V or fcc_A1 V) located on the sites of 12-
fold coordination or (cph_A3 Hf (Zr) or bcc_A2 Hf (Zr))
located on the sites of a 16-fold coordination number. To
calculate the unmixing of transition metal carbide phases
(Ref 36), the presently optimized thermodynamic param-
eters for the Hf-V and V-Zr systems will be merged into a
database for the C-Hf-V and C-V-Zr ternary systems with
those being currently optimized from data determined on a
physical basis in Ref 37.
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Fig. 5 Comparison of the experimental (Ref 21, 22) and calcu-
lated V-Zr phase diagrams with the C15-Laves phase being con-
sidered with a composition range; the reference states are bcc_A2
Zr and fcc_A1 V.
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Appendix 1. Thermodynamic Properties of the
Compounds and Solution Phases

The energies are given in Joules per mole, the tempera-
ture in degrees Kelvin.

The thermodynamic properties of the pure elements have
been obtained from Dinsdale (Ref 31).

I. Hf-V System

I-1. C15-Laves Phase with Reference States cph_A3 Hf and
bcc_A2 V

I-1-1. Modeling of the C15-Laves Phase as Stoichio-
metric: Hf0.33333V0.66667

L(liquid, Hf,V;0) � −20,910.4353 + 13.3729*T

L(liquid, Hf,V;1) � −18,615.7038 + 4.1206*T

L(liquid, Hf,V;2) � −5168.9233

L(bcc_A2, Hf,V;0) � 16,753.4911 + 7.6642*T

L(bcc_A2, Hf,V;1) � −5012.0000 − 6.1986*T

L(bcc_A2, Hf,V;2) � 3370.6775

L(cph_A3, Hf,V;0) � 33,570.0000 + 0.1000*T

G�C15-LAVES,Hf:V;0� − 0.33333*H298�CPH_A3,Hf;0�
− 0.66667* H298�BCC_A2,V;0� = −3600.0 +
0.1*T + 0.33333*GHSERHF + 0.66667*GHSERVV

I-1-2. Modeling of the C15-Laves Phase with a Com-
position Range: (Hf,V)0.33333(Hf,V)0.66667

L(liquid, Hf,V;0) = −17,678.0992 + 11.0841*T

L(liquid, Hf,V;1) � −10,157.4250 + 0.1428*T

Fig. 6 Calculated enthalpies of mixing of the liquid phase in the
V-Zr system (solid line). Comparison of the enthalpy of mixing of
the equiatomic liquid phase with the one predicted by de Boer et
al. (Ref 25) using the Miedema method (Ref 26) (symbols).

Fig. 7 Comparison of the enthalpies of formation of the bcc_A2
and cph_A3 solid solutions (respectively dashed and solid lines),
calculated at 25 °C (298.15 K), with the predictions for the ordered
compounds by de Boer et al. (Ref 25) (symbols) for the systems (a)
Hf-V and (b) V-Zr

Section I: Basic and Applied Research

46 Journal of Phase Equilibria and Diffusion Vol. 26 No. 1 2005



L(liquid, Hf,V;2) � −2957.9038

L(bcc_A2, Hf,V;0) � 13,364.8240 + 9.5488*T

L(bcc_A2, Hf,V;1) � −5012.0000 − 5.8727*T

L(bcc_A2, Hf,V;2) � 2311.9616

L(cph_A3, Hf,V;0) � 33,570.0000 + 0.1000*T

G�C15-LAVES,Hf:Hf;0� − H298(CPH_A3,Hf;0� = +5000
+ GHSERHF

G�C15-LAVES,V:V;0� − H298�BCC_A2,V;0� = +5000
+ GHSERVV

G�C15-LAVES,Hf:V;0� − 0.33333*H298�CPH_A3,Hf;0�
− 0.66667* H298�BCC_A2,V;0� = − 3500 + 0.3699*T
+ 0.33333*GHSERHF + 0.66667*GHSERVV

G�C15-LAVES,V:Hf;0� − 0.33333*H298�BCC_A2,V;0�
− 0.66667*H298�CPH_A3,Hf;0� = 3500 − 0.3699*T
+ 0.33333*GHSERVV + 0.66667*GHSERHF + 10,000

L(C15-LAVES,Hf:Hf,V;0) � 23,135.3046

L(C15-LAVES,V:Hf,V;0) � 9373.4171

I-2. C15-Laves Phase with Reference States bcc_A2 Hf and
fcc_A1 V

I-2-1. Modeling of the C15-Laves Phase as Stoichio-
metric: Hf0.33333V0.66667

L(liquid, Hf,V;0) � −18,678.7073 + 11.3661*T

L(liquid, Hf,V;1) � −10,277.6548 + 0.1963*T

L(liquid, Hf,V;2) � −2806.1307

L(bcc_A2, Hf,V;0) � 15,734.0738 + 7.5696*T

L(bcc_A2, Hf,V;1) � −5012.0000 − 5.1387*T

L(bcc_A2, Hf,V;2) � 2010.5626

L(cph_A3, Hf,V;0) � 33,560.0000 + 1.9000*T

G�C15-LAVES,Hf:V;0� − 0.33333*H298�CPH_A3,Hf;0�
− 0.66667* H298�BCC_A2,V;0� = −12,330.1803
+ 0.8168*T + 0.33333*GHFBCC + 0.66667*GVFCC

I-2-2. Modeling of the C15-Laves Phase with a Com-
position Range: (Hf,V)0.33333(Hf,V)0.66667

L(liquid, Hf,V;0) � −18,769.2667 + 11.2873*T

L(liquid, Hf,V;1) � −13,370.3477 + 2.0192*T

L(liquid, Hf,V;2) � −2879.9773

L(bcc_A2, Hf,V;0) � 16,044.6921 + 7.4180*T

L(bcc_A2, Hf,V;1) � −5012.0000 − 5.1387*T

L(bcc_A2, Hf,V;2) � 2010.5626

L(cph_A3, Hf,V;0) � 33,560.0000 + 1.9000*T

G�C15-LAVES,Hf:Hf;0� − H298�CPH_A3,Hf;0� = +5000
+ GHFBCC

G�C15-LAVES,V:V;0� − H298�BCC_A2,V;0� = +5000
+ GVFCC

Fig. 8 Calculated phase diagram of the Hf-V system when the liquid phase is not considered and the C15-Laves phase is considered
(a) as stoichiometric and (b) with a composition range; the reference states are bcc_A2 Hf and fcc_A1 V.

Basic and Applied Research: Section I

Journal of Phase Equilibria and Diffusion Vol. 26 No. 1 2005 47



G�C15-LAVES,Hf:V;0� − 0.33333*H298�CPH_A3,Hf;0�
− 0.66667* H298�BCC_A2,V;0� = −11,938.6881
+ 0.8507*T + 0.33333*GHFBCC + 0.66667*GVFCC

G�C15-LAVES,V:Hf;0� − 0.33333* H298�BCC_A2,V;0�
− 0.66667*H298�CPH_A3,Hf;0� = 11,938.688
− 0.8507*T + 0.33333*GVFCC = + 0.66667*GHFBCC
+ 10,000

L(C15-LAVES,Hf:Hf,V;0) � 22,166.9330

II. V-Zr System

II-1. C15-Laves Phase with Reference States bcc_A2 V and
cph_A3 Zr

II-1-1. Modeling of the C15-Laves Phase as Stoichi-
ometric: Zr0.33333V0.66667

L(liquid,V,Zr;0) � −17,401.8117 + 14.2689*T

L(liquid,V,Zr;1) � −868.4157 + 3.1097*T

L(liquid,V,Zr ;2) � 3201.7954

L(bcc_A2,V,Zr;0) � 1906.0284 + 19.4653*T

L(bcc_A2,V,Zr;1) � −6506.2003 + 8.8643*T

L(bcc_A2,V,Zr;2) � −2623.0285

L(cph_A3,V,Zr ;0) � 15,000 + 0.1*T

G�C15-LAVES,Zr:V;0� − 0.33333*H298�CPH_A3,Zr;0�
− 0.66667* H298�BCC_A2,V;0� = −5000.0000
+ 1.8000*T + 0.33333*GHSERZR
+ 0.66667*GHSERVV

II-1-2. Modeling of the C15 Laves Phase with a Com-
position Range: (V,Zr) 0.33333 (V,Zr) 0.66667

L(liquid,V,Zr;0) � −17,401.8117 + 14.2689*T

L(liquid,V,Zr;1) � −868.4156 + 3.1097*T

L(liquid,V,Zr;2) � 3201.7954

L(bcc_A2,V,Zr;0) � 2253.9668 + 19.4731*T

L(bcc_A2,V,Zr;1) � −9657.3231 + 10.8995*T

L(bcc_A2,V,Zr;2) � −593.4275

L(cph_A3,V,Zr;0) � 18,619.6518 + 2.0608*T

G�C15-LAVES,Zr:Zr;0� − H298�CPH_A3,Hf;0� = +5000
+ GHSERZR

G�C15-LAVES,V:V;0� − H298�BCC_A2,V;0� = +5000
+ GHSERVV

G�C15-LAVES,Zr:V;0� − 0.33333*H298�CPH_A3,Zr;0�
− 0.66667* H298�BCC_A2,V;0� = −4785.7904
+ 1.9173*T + 0.33333*GHSERZR
+ 0.66667*GHSERVV

G�C15-LAVES,V:Zr;0� − 0.33333* H298�BCC_A2,V;0�
− 0.66667*H298�CPH_A3,Zr;0� = 4785.7904
− 1.9173*T + 0.33333*GHSERVV
+ 0.66667*GHSERZR + 10,000

L(C15-LAVES,V,Zr:V;0) � 94,451.2785

L(C15-LAVES,V:V,Zr;0) � 7067.4166

L(C15LAVES,V,Zr:Zr;0) � 18,439.6970 + 0.7532*T

II-2. C15-Laves Phase with Reference States fcc_A1 V and
bcc_A2 Zr

II-2-1. Modeling of the C15-Laves Phase as Stoichi-
ometric: Zr0.33333V0.66667

L(liquid,V,Zr;0) � −16,815.1576 + 13.0144*T

L(liquid,V,Zr;1) � −1188.0661 + 3.3048*T

L(liquid,V,Zr;2) � 3327.3775

L(bcc_A2,V,Zr;0) � 1986.3760 + 19.1190*T

L(bcc_A2,V,Zr;1) � −7650.8542 + 9.6845*T

L(bcc_A2,V,Zr;2) � −2357.0407

L(cph_A3,V,Zr;0) � 17,400.0000 + 0.1000*T

G�C15-LAVES,Zr:V;0� − 0.33333�H298�CPH_A3,Zr;0�
− 0.66667� H298�BCC_A2,V;0� = −12,118.0385
+ 1.9240�T + 0.33333�GZRBCC
+ 0.66667�GVFCC

II-2-2. Modeling of the C15 Laves Phase with a Com-
position Range: (V,Zr)0.33333 (V,Zr)0.66667

L�liquid,V,Zr;0� = −15,681.2606 + 12.3118 � T

L�liquid,V,Zr;1� = −1031.4917 + 3.2131 � T

L�liquid,V,Zr;2) = 3511.6675

L�bcc_A2,V,Zr;0� = 1662.8111 + 19.2919 � T

L�bcc_A2,V,Zr;1� = −9617.8130 + 10.9230 � T

L(bcc_A2,V,Zr;2) = −1871.4524

L�cph_A3,V,Zr;0� = 17,600.3217 + 1.2714 � T

G�C15-LAVES,Zr:Zr;0� − H298�CPH_A3,Hf;0� = +5000
+ GZRBCC
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G�C15-LAVES,V:V;0� − H298�BCC_A2,V;0� = +5000
+ GVFCC

G�C15-LAVES,Zr:V;0� − 0.33333�H298�CPH_A3,Zr;0�
− 0.66667� H298�BCC_A2,V;0� = −12,617.8161
+ 2.5115�T + 0.33333�GZRBCC
+ 0.66667�GVFCC

G�C15-LAVES,V:Zr;0� − 0.33333�H298�BCC_A2,V;0�
− 0.66667�H298�CPH_A3,Zr;0� = + 12,617.8181
� 2.5115�T + 0.33333�GVFCC + 0.66667
�GZRBCC + 10,000

L(C15-LAVES,V,Zr:V;0) � 858.6956

L(C15-LAVES,V,Zr:Zr;0) � 22,937.6788
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